Abstract: This paper presents a derivation of the RayleighBetti reciprocity relation for layered curved composite beams with interlayer slip. The principle of minimum of potential energy is also formulated for two-layer curved composite beams and its applications are illustrated by numerical examples. The solution of the presented problems are obtained by the Ritz method. The applications of the Rayleigh-Betti reciprocity relation proven are illustrated by some examples.
Introduction
Layered beams made of different linearly elastic materials have a wide application in many civil engineering structures, where both high strength-to-weight and stiffnessto-weight ratio are required. The beam components made of different materials are connected by the shear connectors to work together. It may be the connection between the beam components is perfect only in normal direction and the connection is not perfect in tangential direction. A lot of works deal with numerical and analytical solution of straight layered composite beam with imperfect shear connections [1] [2] [3] [4] [5] [6] [7] [8] . In papers [1] [2] [3] [4] variational principles for layered straight beams with imperfect shear connections are formulated and used to get approximate solutions. We note that there are a lot of works on the static problems of layered curved composite beams with perfect shear connections, such as [9] [10] [11] [12] [13] [14] [15] . One part of papers mentioned above use analytical methods [9] [10] [11] and other part of papers give the solution of static problems of curved layered composite beams with numerical methods which are based on different FEM formulations [12] [13] [14] . In paper by Assma [15] the developed analytical method is checked by FEM solution (ANSYS 14.5) and it is tested by experimentally. There are several published papers in connection with the problem of layered curved composite beams with perfect shear connection. However, there exist relative few works on curved layered composite beams including the effect of partial shear interaction. Here, we deal with imperfect shear connections. For out-of plane deformation and loads the time dependent creep and shrinkage behavior of horizontally curved steel-concrete composite beams with partial shear interaction are analysed by Liu et al. [16] . Erkmen et al. [17] developed a total Lagrangian finite element formulation for elastic analysis of steel-concrete curved composite beams. A three-dimensional finite element model is used to simulate composite steel-concrete curved beams subjected to combined flexure and torsion [18] . Tan and Uy gave a detailed description of the torsion induced vertical slip [18] . Two-layer curved composite beam with imperfect shear connection for in-plane deformation caused by concentrated radial load is considered in paper Ecsedi and Lengyel [19] . Here, the solution of the equilibrium problem of two-layer curved composite beam with weak shear connection is given by energy method. Paper [19] used a direct analytical method which is based on the integration of equilibrium equations. The equilibrium equations are formulated in terms of radial displacement, cross-sectional rotations and slip function in paper by Ecsedi and Lengyel [19] .
In this paper a Rayleigh-Betti type reciprocity relation is derived for two-layer curved composite beam with imperfect shear connection. The principle of minimum of potential energy is also formulated and its applications are illustrated by numerical examples.
Governing equations
The curved two-layer composite beam and its cross-section are shown in Fig. 1 . The cross-section of curved beam com-ponent B i is A i (i = 1, 2). The common boundary surface of B 1 and B 2 is ∂B 12 = ∂A 12 × (0, α) as illustrated in Fig.  1 . The designations of this paper follow which were used in [19] . The connection of beam components B 1 and B 2 is perfect on their common boundary surface ∂B 12 in radial direction but in the circumferential direction may be jump in the displacements, which is called interlayer slip. The formulation of the problem is given in the cylindrical coordinate system Orφz. The in-plane deformation of twolayer curved beam is described by the next displacement field [9, 19] 
Following the derivations given in paper by EcsediLengyel [19] we get for the slip
and for the interlayer shear force
where k is the slip modulus. The virtual work of the distributed forces fr , f 1φ and f 2φ on a small beam element ( Fig. 2) can be computed as
where 
is the virtual displacement field and (Fig. 2 )
Equations of equilibrium can be formulated as [9, 19] 
In Eqs. (8) (9) (10) (11) )
The internal forces are illustrated in Fig. 3 , where [19] 
and we have
Figure 3: Illustration of internal forces and couples.
Rayleigh-Betti type reciprocity relation
Let us consider two equilibrium states of a two-layer curved beam with imperfect shear connection. These equilibrium states are denoted by upper one comma and upper two comma, respectively. Starting from Eqs. (8), (9) we can write
Integration of Eq. (17) gives
where the next designation
is introduced. From Eqs. (10), (11) it follows that
Let
be. The mechanical meaning of W 12 is obvious, the work done by the applied forces and reactions of the first equilibrium state on the displacement field caused by the forces applied in second equilibrium state. We define the mixed strain energy U 12 for the states 1 and 2 as
The combination of Eq. (18) with Eq. (20) gives
In paper by Ecsedi and Lengyel [19] it was proven that
where ( Fig. 1 )
By the use of Eq. (14) and Eqs. (24), (25) we can reformulate the expression of U 12 as
It is evident
where
Comparison of Eq. (23) with Eq. (31) yields the next Rayleigh-Betti type reciprocity relation
If the two equilibrium states are the same, that is
then we have according to Clapeyron's theorem
where U is the strain energy of the two-layer composite beam with imperfect shear connection
and W is the work of the applied forces which can be written in the next form
Principle of minimum of potential energy
Let̃︀ u =̃︀ u (φ),̃︀ ϕ 1 =̃︀ ϕ 1 (φ) and̃︀ ϕ 2 =̃︀ ϕ 2 (φ) be such functions which satisfy the geometric boundary conditions.
The geometric boundary conditions refer to deflection and cross-sectional rotation [19] . For this field we define the potential energy as [20, 21] 
work of the prescribed forces oñ︀ u,̃︀ ϕ 1 and̃︀ ϕ 2 }︁ .
It can be proven that according to the minimum property of potential energy [20, 21] 
where u = u (φ), ϕ 1 = ϕ 1 (φ) and ϕ 2 = ϕ 2 (φ) are the solution of the considered equilibrium problem of layered composite beam with weak shear connection. Next, it will be proven from the principle of minimum of potential energy the equations of equilibrium and force boundary conditions are obtained.
be the solution of the considered equilibrium problem. The kinematically admissible radial displacement and crosssectional rotations can be represented as︀
Here, δu, δϕ 1 and δϕ 2 satisfy homogeneous kinematic boundary conditions where u, ϕ 1 or ϕ 2 are prescribed as a boundary condition. Assuming that all the boundary conditions are force boundary conditions, this means that
where the quantities with overbar are given. By a lengthy, but elementary computation which includes the application of the integration of parts for
the next result can be derived
For admissible variation of u, ϕ 1 , ϕ 2 , which are δu, δϕ 1 and δϕ 2 are arbitrary expect where the kinematic boundary conditions are specified. Since with arbitrary admissible variation of u,
according to the principle of minimum of potential energy. From Eq. (43) and inequality relation (45) and
we obtian δΠ = 0.
A detailed form of Eq. (47), which can be derived by means of the fundamental lemma of calculus of variation [22] gives the equations of equilibrium
and boundary conditions
dN dφ + fφ + S = 0 for φ = 0 and φ = α,
We note, Eq. (48) is obtained from Eqs. (8), (9) 
Examples

A curved composite beam with uniformly distributed radial load
Both ends of curved two-layer composite beam with flexible shear connection are radially guided and loaded by uniformly distributed radial forces as shown in Fig. 4 . The applied radial load is expressed as
and H = H (φ) is the Heaviside function. In this problem the boundary conditions are as follows [19] 
The minimum of the potential energy is obtained by the application of Ritz method. Assumed form of the solution is
(60) 59), (60) into the expression of potential energy we obtain that
The necessary condition of minimum of Π L as a function of u 0 , up, ϕ 1p , ϕ 2p (p = 1, 2, . . .) can be formulated as
(62) From Eq. (62) it follows that
and up, ϕ 1p , ϕ 2p are the solution of the following system of linear equations where
The next data are used in Example 5.1: α = 
A curved composite beam subjected to uniformly distributed radial load on its total length
In this example we consider the case α = β which is shown in Fig. 11 . Here, the same data are used as in Example 5.1 except β (︀ β = The solution of this problem is as follows
Checking the previous examples
In this example we check the exactness of solution of Examples 5.1 and 5.2 by the application of Rayleigh-Betti reciprocity relation. The first equilibrium state of the curved composite beam with deformable shear connection is shown in Fig. 4 and the second equilibrium state is illustrated in Fig. 11 . In this example
where fr = fr (φ) is given by Eq. (55), and
where u = u (φ) is given by Eq. (59 
A curved composite beam with concentrated radial load
This example deals with the case of concentrated radial load applied at φ = α 2 as shown in Fig. 12 . The Ritz type solution is based on the assumed forms of radial displacement and cross-sectional rotations given by Eqs. (59) and (60). The virtual work of the concentrated radial force on the radial displacement (59) can be computed as
From the principle of minimum of potential energy by the use of expression of W F we obtain that ( Fig. 17) . The small oscillation of S = S (φ) at φ = α 2 follows from its representation by "truncated" Fourier series.
Checking the results of the curved beam with concentrated radial load
By the use of Rayleigh-Betti type reciprocity relation we check the accuracy of the solution obtained for concentrated radial load. The first equilibrium state of the curved composite beam is shown in Fig. 12 and the second equilibrium state is illustrated in Fig. 11 . For these equilibrium states we have 
according to the proven Rayleigh-Betti type reciprocity relation. Fig. 19 shows a two-layer composite beam with deformable shear connection loaded by uniform tangential load on its outer cylindrical boundary. The geometrical and material properties of the considered curved beam is the same as in Example 5.1. In paper [19] the solution of two-layer composite beam with weak shear connection for radial concentrated load applied at its one of the end cross-section was derived (Fig. 20) . The first equilibrium state of the composite curved beam is shown in Fig. 19 and the second equilibrium state of the same curved composite beam is given in Fig. 20 . Our aim is to obtain the deflection of the end crosssection of curved beam loaded by uniformly distributed tangential forces (Fig. 19) . According to the Rayleigh-Betti theorem we can write that 
A curved composite beam uniformly loaded by tangential forces
W 12 = f α ∫︁ 0 v ′′ (a, φ) dφ = = f ⎡ ⎣ a α ∫︁ 0 ϕ ′′ 1 (φ) dφ + u ′′ (α) ⎤ ⎦ ,(81)W 21 = −Fu ′ (α) .(82)
Conclusions
In this paper the in-plane deformation of two-layer composite beam with flexible shear connection is analysed by energy methods. A detailed derivation of the RayleighBetti type reciprocity relation is presented and its applications are illustrated by several numerical examples. A formulation of the principle of minimum of potential energy is also given. By the combination of principle of minimum of potential energy with the Ritz method the solution of two-layer composite beam with radially guided ends under the action of radial loads are given. The validity of the solution obtained by Ritz method is checked by the application of the proven reciprocity relation. The numerical results derived for two-layer curved composite beams with deformable shear connection can be used as benchmark solutions to check the accuracy of solutions obtained by different approximate methods such as FEM, finite differences etc.
